The fermionic extension of the CSW approach to perturbative gauge theory coupled with fermions is used to compute the six-quark QCD amplitudes. We find complete agreement with the results obtained by using the usual Feynman rules.
Introduction
rules for gauge theory without fermions. Then we review extended CSW rules for gauge theory with quarks and the analysis on the CSW diagrams for six-quark amplitudes. In section 3, we calculate the amplitudes with 3 quark-anti-quark pairs by using the fermionic extension of CSW rules. We show that the result coincides with which from Feynman rules.
CSW rules with fermions
First let us review the rules for calculating tree level gauge theory gluonic amplitudes proposed in [3] . Here we follow the presentation given in [13, 14, 12] closely, and consider only partial amplitudes [6] . We will use the convention that all momenta are outgoing. By MHV (with gluons only), we always mean an amplitude with precisely two gluons of negative helicity. If the two gluons of negative helicity are labelled as r, s, the MHV vertices are given as follows:
For an on shell (massless) gluon, the momentum in bispinor basis is given as:
For an off shell momentum, we can no longer define λ a as above. The offshell continuation given in [3] is to choose an arbitrary spinorη˙a and then to define λ a as follows:
For an on shell momentum p, we will use the notation λ pa which is proportional to λ a :
As demonstrated in [3] , it is consistent to use the sameη for all the off shell momenta. The final result is independent ofη. By using only MHV vertices, one can build a tree diagram by connecting MHV vertices with propagators. For the propagator of momentum p, we assign a factor 1/p 2 . The helicity at two ends of a propagator must be opposite. Any possible diagram with the color factor Tr(T a 1 · · · T an ) contributes to the partial amplitude A n (g
. Now we review the extension of CSW rules to the gauge theory coupled with quarks and anti-quarks [23, 12] . For this theory we can decompose an amplitude into partial amplitudes with definite color factors [6] . For simplicity we will assume that all quarks have different flavors. When there are identical quarks, the amplitudes can be easily obtained from the amplitudes with distinct quarks. Also we will assume the gauge group to be U(N) instead of SU(N). For a connected diagram with m pair of quark-antiquark, the color factor is
for a particular ordering of the quark-antiquarks and gluons [41] . For amplitudes with connected Feynman diagrams, the quark-antiquark color indices (i,ī) must form a ring of length exactly m. This can be proved by induction with the number of pairs m. For a single quark-antiquark pair the color factor is (T
1 . It is represented as in Fig. 1 . We note that gluon lines are emitted only from one side of the (connected) quark-anti-quark line. We will stick to this rule also for multi-pair of quark-antiquark diagrams.
There are 2 MHV vertices with quark-anti-quarks, one for a single pair of quark-antiquark and one for two quark-anti-quark pairs which are shown in The explicit formulas for these MHV vertices (or amplitudes) are given as follows:
for the single pair of quark-antiquark, and for 2 quark-antiquark pairs:
where A 0 (h 1 , h 2 ) is given as follows:
All these MHV amplitudes are given in terms of the "holomorphic" spinors of the external (on-shell) momenta. So we can use the same off shell continuation given in [3] which we recalled above. By including these fermionic MHV vertices, we can extend the CSW rule of perturbative gauge theory to gauge theories with quarks and anti-quarks. The propagator for both gluon and fermion (quark or anti-quark) internal lines is just 1/p 2 , as explained in [23] . Helicity is conserved along a fermion line. Because we assume that all quarks have different flavor, the flowing of arrows must follow the directions given exactly in Fig. 2 . We use the rules given in [23] to sew vertices by propagators.
Assume that in an MHV diagram, there are n i purely gluonic MHV vertices with i lines, n 2f i single pair of quark-antiquark MHV vertices with (i+2) lines (counting also the 2 fermion lines, so actually only i gluon lines), and n 4f i 2 pairs of quark-antiquark MHV vertices with (i + 4) lines (counting also the 4 fermion lines, so actually only i gluon lines). For a connected diagram with m quark-antiquark pairs, the number of positive helicity gluon n + and the number of negative helicity gluon n − are given as follows [12] : These relations are particularly useful for analyzing diagrams with fewer number of external gluons with positive helicity. For the purely fermionic amplitudes with 3 quark-antiquark pairs, there are only 2 different kinds of diagrams as shown in Fig. 3 [12] . By using the extended CSW rules, the partial amplitude can be written down very simply. We show in the next section that this gives the right result for the amplitude.
3 The purely fermionic amplitudes with three quark-antiquark pairs
As mentioned in the previous section, we will compute the purely fermionic amplitudes with three distinct (massless) quark-anti-quark pairs. The color factor is δ i 1ī2 δ i 2ī3 δ i 3ī1 , for a particular ordering of the quark-antiquarks. The partial amplitude is denoted as A 6 (Λ
). In this section, we will compute these partial amplitudes first by using the CSW rules, then by using the Feynman rules. we will show that these two results coincite up to a phase factor because of the phase convention we used for the vertices and the propagators in the CSW approach.
As mentioned above, in the CSW approach to compute this partial amplitudes, there are only 2 different kinds of CSW diagrams as shown in Fig. 3 . (We note that these CSW diagrams corresponding to the amplitudes with different helicity configurations are the same. This is different from many gluonic amplitudes, where the CSW diagrams corresponding to the amplitudes with different helicity configurations are different.)
There are 8 kinds of helicity configurations. We can find some relations among these amplitudes with different helicity configurations. This first relation is:
This means that the amplitudes are invariant under the cyclic permutation of the quark-anti-quark pairs.
The second one is the relation between the two amplitudes related by charge conjugation:
), (14) where
These relations can be easily verified case by case, either using the CSW rules or using the Feynman rules.
So we only need to consider the case when h 1 = h 2 = h 3 = −1/2 and the case when h 1 = h 2 = −1/2, h 3 = 1/2. Other cases can be obtained from these cases by permutation of the quark-anti-quark pairs and/or charge conjugation transformation.
When h 1 = h 2 = h 3 = −1/2, the amplitude is:
where
Here the expression (ij), k is defined as λ p i +p j , λ k , and the indices are understood mod 3.
From the momentum conservation we get
Using this result, we can write A i as
Similarly, when h 1 = h 2 = −1/2, h 3 = 1/2, the result given by the CSW rules is
Now Now we will compute this amplitudes by using the Feynman rules 2 . There are four Feynman diagrams as shown in Fig. 4 . We will use the helicity trick (see, for example, [8] 3 . The result for
and
The bras and kets in eqs. (28) and (29) are denoted by the momenta of corresponding particles. When h 1 = h 2 = −1/2, h 3 = 1/2, we can similarly obtain the following result by using the Feynman rules,
Now 
There are the following constrains from the momentum conservation:
From these constrains, we can solveλᾱ q 1 andλα q 1 in terms of other λ's andλ's. The result isλᾱ 
We noted that we don't treatλ as the complex conjugation of λ. So in fact, we have use analytic continuation to the spacetime with signature (2, 2), after we obtain our result we can go back the Minkowski space. By using these results and with the help of symbolic manipulation, we can find that
either in the case when h 1 = h 2 = h 3 = −1/2 or in the case when h 1 = h 2 = −1/2, h 3 = 1/2. From the argument above we know that we can obtain the same result for all of the helicity configurations as promised.
